Principal congruence of pseudocomplemented lattices (= palgebras) and of double pseudocomplemented lattices (= double p-algebras), i.e. pseudocomplemented and dual pseudocomplemented ones, are characterized.
1.
Introduction. Recently H. Lakser [7] proved that every principal congruence of a distributive /»-algebra is a join of two principal lattice congruences. We shall extend this result to all /»-algebras (Theorem 1). The situation changes radically if one examines the double /»-algebras. By Theorem 2, every principal congruence of a double /»-algebra is a join of countably many principal lattice congruences. There exists even a distributive double /»-algebra having a principal congruence which cannot be represented as a join of finite principal lattice congruences (Lemmas 3, 4 and Example). In Theorem 3 we give a necessary and sufficient condition in order that every principal congruence of a double /»-algebra be a join of finite principal lattice congruences.
2. Preliminaries. A universal algebra (L; V, A, *,0,1) of type (2,2,1,0,0> is called ap-algebra iff (L; V, A, 0,1) is a bounded lattice such that for every a El L the element a* E L is the pseudocomplement of a, i.e. x < a* iff a A x = 0. A universal algebra (L; V, A, *, +,0,1> of type (2,2,1,1,0,0> is called a double /»-algebra iff (L; V, A, *, 0,1 ) is a /»-algebra and (L; V, A, +, 0,1 > is-a dual /»-algebra (x > a+ iff x V a = 1). The standard results on/»-algebras may be found in [3] .
For a /»-algebra L, define the set B{L) = {x E L: x = x") of closed elements. The partial ordering of L partially orders B{L) and makes the latter into a Boolean algebra (B(L); U, A, *,0,1> for which a U b = (a V b)" holds.
For any pair a, b E L in a p-, dual p-, or double /»-algebra L, 9(a, b) denotes the principal congruence relation generated by a, b, i.e. the least congruence relation 0 of this algebra for which a = b(9) is true. Clearly 9(a,b) = 0(a A b,a V b); thus we need only characterize 9(a,b) for comparable a, b. We denote by 0Làl(a,b) the principal lattice congruence generated by a, b; 6Lal(a,b) has the substitution property for A and V, but not necessarily for * or +.
For the definition of a unary algebraic function see [2] . By a unary lattice function we mean such a unary algebraic function which can be obtained from a lattice polynomial (see also [3] ). Proof. Let 0 denote the lattice congruence on the right-hand side of (1). First we show that 9 has the substitution property with respect to the operation *. Let x = y(0). Then there is a sequence x = z0, ... Remark 2. Theorem 1 was proved in [7] for the distributive /»-algebras. In [4] , an equivalent version of Theorem 1 has been proved for the modular Salgebras. 4 . Principal congruences of double /»-algebras. Let L be a double /»-algebra, let x E L. We define xn{+t) E L in the following way: x1(+,) = x+*, x(k+i)(+>) = xH+*)+* for every k > , Similarly we define xn('+) E L. Since a* V a*+ = 1 implies a" A a*+* = 0, we obtain a*+* < a* in L. Therefore, Proof. Let 9 denote the lattice congruence on the right-hand side of (5). It is a routine to show that 0(a, b) > 0. To conclude the proof we need only to show that 9 has the substitution property with respect to the operations * and +. First we prove that 6 is a '-congruence. Let x = y{9). Then there is a sequence x = z0, ..., z" = y of elements of L and congruences 0O, ..., 0"_x such that z¡ = z, + 1(0,) where Therefore z* = z*+1(0).
Thus, z* = z*+1(0) for any i = 0, ..., n -1, and we have proved x* ■ .y*(0), i.e. 0 is a '-congruence of L. Using Corollaries 2 and 3 to Theorem 1 one can similarly prove that 6 is a +-congruence of L, and so the proof is complete.
Corollary
1. Let L be a double p-algebra, a E L. Then (6) 0{a,\)= V 0Lat(O,a+"<*+)); (7) 0(0,a)= V 0Lat(a*"(+*>,l).
Proof. We know that 0^t(a, 1) < 0Lat(O,a+) and 6>Lat(a*",(+*), 1) < ^t(an{+'], 1) < 0La,(O,a+"(*^) is true. Hence, by Theorem 2, we have (6). By dual arguments we can prove (7). Proof. The proof follows from Corollary 2 and the fact that in a bounded distributive lattice L, for any elements ax, bx, a2, b2 G L with ax < bx, the following statement is true: Remark. Corollary 3 combined with the result of A. Day [1] says that the equational subclass of the class of all distributive double /»-algebras determined by the identities from Corollary 3 enjoys the Congruence Extension Property. We note here that the whole class of distributive double /»-algebras has CEP (see [5] ). Corollary 3 solves partially the problem mentioned in [5].
5. Counterexample. In this part we shall construct a distributive double /»-algebra having a principal congruence which cannot be represented as a join of finite principal lattice congruences.
Lemma 3. Let L be a double p-algebra. If a G L and a'"(+'> > a*(n+1)(+') (a+»(*+) < a+(«+i)('+)) for every integer n > 0 then 0(0,a) (6{a, 1)) cannot be represented asa join of finite principal lattice congruences ofL.
Proof. Let a'n(-+t) > a*("+1)(+*) for any n ^ o. Suppose to the contrary that 0(0, a) is a join of finite principal lattice congruences of L. Then 0(0, a) is a compact element of the lattice of all lattice congruences on L (cf. [2] ). Therefore, by (3) and (6), there exists an integer k > 0 such that 0(0, a) = V0Lat(a-"(+*\ 1) = 0L,M,k{+'\ O-
Evidently a'{k+l)(-+t) = 1 (0(0, a) ). On the other hand, The proof follows from Corollary 2 to Theorem 2 and Lemma 3.
